A hierarchical formation control framework is proposed to study the formation control problem for the leader-follower multi-quadrotor systems. The proposed framework includes a coordinating control level and a tracking control level. On the coordinating control level, the virtual position and the virtual velocity are obtained based on the finite-time consensus theory such that the virtual shape is formed and virtual velocity consensus is reached. On the tracking control level, the real position and the real velocity track the virtual position and the virtual velocity, respectively, such that a number of quadrotors can reach the desired formation shape and the velocity consensus. Consequently, a coordinating control algorithm and a tracking control algorithm are designed, respectively. The results of simulations and experiments employing three quadrotors and a leader demonstrate that the quadrotors can quickly complete the formation shape and the corresponding velocity consensus is arrived.
I. INTRODUCTION
The formation control problem for multi-quadrotor systems has been extensively studied in various fields such as regional investigation, disaster monitoring, and target seeking [1] - [3] , [6] , [16] , [20] . The multi-quadrotor systems display several advantages such as fault tolerance, flexibility, and efficiency in performing some complex and dangerous tasks [4] , [5] , [8] , [9] , [19] , [24] . What's more, the multi-quadrotor systems have wider exploration horizon and can carry more equipments, which play an important role in both military applications and civilian applications. Therefore, researchers study the formation control problem for multi-quadrotor systems and receive some theoretical results [13] , [14] , [19] , [22] , [23] , [25] . But actual results of formation flight experiments are few. Compared with single quadrotor or multiple ground robots, the formation control techniques for multi-quadrotor systems face many challenges, such as, the robustness requirement of formation control methods and the fast convergence rate. Furthermore, the stability analysis The associate editor coordinating the review of this manuscript and approving it for publication was Hao Shen. of multi-quadrotor systems with the formation controllers is much difficult due to the complex dynamics of quadrotors.
It is worth mentioning that the existing formation control approaches include leader-follower approaches, behavior-based approaches, and virtual structure approaches. These classical approaches have been widely used in formation control. In recent years, with the development of control techniques of single quadrotor, the formation control problem for multi-quadrotor systems has been a research focus. In [12] , the leader-follower approach was employed to multi-UAVs formation control in a three-dimensional space, where the problem of the communication jam is investigated based on the state estimation method. In [10] , a robust formation flight control technology only making use of information of neighboring unmanned aerial vehicles was proposed based on the behavior-based decentralized approach. In [11] , the virtual structure approach was introduced to formation flight control to improve the ability of obstacle and threat avoidance of UAVs in unknown environments. Although there are many results based on the formation control approaches above, there exist several weaknesses. For example, the leader-follower approaches VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ lack robustness and the behavior-based approaches are difficult to be analyzed mathematically. Recently, consensus algorithms employed to formation control have attracted many researchers. For example, in [15] , the authors showed that the existing leader-follower approaches, behavior-based approaches, and virtual structure approaches can be integrated into the consensus structure. The main purpose of consensus is to enable all the agents to reach the same states such as positions, attitudes, and velocities. For example, in [29] , [30] , the consensus algorithms were employed to double-integrator systems in different situations, where the stability analysis was investigated. In [27] , the consensus problem for multi-robot systems was studied, which make the states of all the agents to approach the time-varying reference state where only part of agents can obtain the reference state. Hence, the consensus algorithms avoid the weaknesses of the classical approaches aforementioned. Different from the existing consensus control approaches, finite-time consensus techniques can enable all the agents to reach consensus in a finite time interval [7] , [21] , [28] , [32] . Therefore, the finite-time consensus techniques are more ideal for formation control because of faster convergence rate, better robustness, and stronger disturbance resistance. Thus, there are several results based on the finite-time consensus techniques to study the formation control problem. For instance, in [16] , the finite-time sliding mode estimators were designed to obtain accurate state estimation in finite time such that all the agents can complete the formation shape while tracking a leader. In [13] , a control strategy combining the finite-time consensus algorithms with an event-triggered rule was designed for mobile sensor networks with a switching communication topology. In [17] , the finitetime formation control problems of the multiple autonomous underwater vehicles in the two situations of leaderless and leader-follower were studied. In [14] , the finite-time consensus algorithms with the potential function were designed to control multiple robots to track and locate the odor source. In [19] , the finite-time consensus algorithms were employed to design a position controller and an attitude controller, respectively, which enable multiple quadrotors to reach the expected formation shape and the expected trajectory. Due to the high dimensionality and strong nonlinear coupling of the multi-quadrotor systems, the relevant experiments based on the finite-time algorithms are hardly found, which implies that the aforementioned results are difficult to be applied in actual formation flight. Therefore, how to design a formation control scheme to effectively realize the actual formation flight of multiple quadrotors, which motives the present study.
To sum up, a hierarchical formation control framework for the leader-follower multi-quadrotor systems is designed with two levels, which has the several strong points such as simple, efficient, finite time convergence, robustness, and disturbance resistance. The material in this paper was partially presented at the IEEE International Conference on Real-time Computing and Robotics [18] . In the paper, the contributions can can be summarized as follows. First, we designed a hierarchical formation control framework for the leader-follower multiquadrotor systems, which includes a coordinating control level and a tracking control level. The two levels have different functions. On the former level, the virtual states can be obtained with no relation with real dynamics. On the latter level, the real states can track the virtual states. Second, the stability analysis of the leader-follower multi-quadrotor systems is given. Specifically, on the former level, we give the proof process where the proposed coordinating control algorithms have the ability to enable the virtual states to reach consensus in finite time. Third, the simulations and experiments are carried out, where three quadrotors and a leader are used to complete formation flight.
II. PRELIMINARIES A. DYNAMICS MODEL
The inertial coordinate system for the leader-follower multiquadrotor systems is N (X n , Y n , Z n ) and the body coordinate system for each quadrotor is B(X b , Y b , Z b ), shown in Fig. 1 . In the inertial coordinate system,
∈R 3 represent the real position and the real velocity, respectively, i = [φ i , θ i , ψ i ] T ∈R 3 denote the attitude angles, which include the roll angle φ i , the pitch angle θ i , and the yaw angle ψ i . In [17] , the transition matrix from the body coordinate system to the inertial coordinate system is
where s θ i and c θ i denote sinθ i and cosθ i (i ∈ = {1, 2, . . . , n}), respectively. The quadrotor is a six-degreefreedom rigid and has four control input variables, which are the four rotor thrust T 1,i , T 2,i , T 3,i , and T 4,i . The total thrust is T i = T 1,i + T 2,i + T 3,i + T 4,i and the torque is
where
,i ] T denotes the rotor speed; b and k represent the rotor thrust coefficient and the reaction torque coefficient, respectively; l represents the distance between the rotor and the centroid of the quadrotor.
1) POSITION DYNAMICS MODEL
The air resistance cannot be neglected, which is proportional to the flying velocity. Based on the Newton's second law, the dynamics model for the quadrotors' position is as follows.
where k x,i , k y,i , and k z,i denote the air drag coefficients; g denotes the gravity acceleration in the inertial coordinate system; and m i is the mass of the quadrotors.
2) ATTITUDE DYNAMICS MODEL
The dynamics model of the quadrotors' attitude is obtained based on Euler equations.
where k φ,i , k θ,i , and k ψ,i denote the torque coefficients of the air drag. I x,i , I y,i , and I z,i denote the moments of inertia.
B. DEFINITIONS AND LEMMAS
In order to give the stability analysis of the leader-follower multi-quadrotor systems, some definitions and lemmas are introduced in the following [14] , [31] .
where sign(·) represents the standard signum function and 
C. GRAPH THEORY
If each quadrotor is represented as a node, the communication topology for multi-quadrotor systems can be denoted by the undirected graph G n = {V , E, A}, where it includes the set of nodes V = {v 1 , v 2 , . . . , v n }, the set of edges E⊆V ×V , and the adjacency matrix A = [a ij ] ∈ R n×n , i, j∈ , where a ij = a ji = 1 when the quadrotor i has an undirected path to the quadrotor j, otherwise, a ij = a ji = 0. The Laplacian 3 in the three-dimensional space) represent the weight between two quadrotors where the values of d x ij , d y ij , and d z ij denote the distance between the Quadrotor i and the Quadrotor j in the three-dimensional inertial coordinate system.
In this paper, for the leader-follower multi-quadrotor systems, the communication topology is denoted by G n+1 = G n ∪ v 0 , where we set that v 0 denotes a leader. Therefore, the followers (quadrotors) can obtain the leader's state information when the directed paths from the leader to the followers exist. These directed paths are denoted as a i0 , i∈ . Let H = diag{a 10 , . . . , a n0 }, which can be regarded as the leader adjacency matrix [28] .
III. HIERARCHICAL FORMATION CONTROL FRAMEWORK
Consensus in leader-follower systems is also called consensus tracking since the leader's states can be treated as the states of a group of followers [16] , [26] . The proposed control framework consists of a coordinating control level and a tacking control level, shown in Fig. 2 , where the tracking control level includes a position control module and an attitude control module. In the following, we describe each level in details.
For the leader, we define the position and velocity with
It is only for the leader that the virtual states are equal to the real states such as position and velocity at any time, i.e.r 0 (t) = r 0 (t),v 0 (t) = v 0 (t), ∀t ≥ 0. The velocity of the leader v 0 is differentiable and the acceleratioṅ v 0 is bounded. Hence, as long as these conditions are met, the leader's trajectory can be set arbitrarily. And at the initial moment, the virtual states of each quadrotor are equal to the real states such as position and velocity,x i (0) = x i (0),v i (0) = v i (0). On the coordinating control level, the states information of the leader are as the input data. The output data are the virtual states of each quadrotor, which are obtained based on the finite-time consensus algorithms. The virtual states of each quadrotor are the input data of the tracking control module, where a position controller and an attitude controller are designed to enable the real states of each quadrotor to track its own virtual states, and the output data are the thrust T i and the torque τ i . 
A. COORDINATING CONTROL
In the proposed hierarchical formation control framework, the coordinating control part is separated from a single quadrotor control part, which has the advantage, that is, the design of coordinating control does not need to consider the real dynamics model of quadrotors. The coordinating control algorithm is developed bẏ
where γ 1 > 0, γ 2 > 0, β 1 ∈(0, 1) and β 2 ∈(0, 1), a ij indicates the communication state between two quadrotors. The coordinating control algorithm can make the virtual states of all quadrotors to reach consensus in finite time, i.e.r i →r 0 and v i →v 0 . Although the virtual position reaches consensus, the desired virtual formation shape is not still completed. Based on the results above, the formula (7) is re-designed as follows.
where σ i and σ j are constants. Let d ij = σ i − σ j . The coordinating control algorithm makes the virtual formation shape to be reached in finite time, which meansr i −r j →d ij .
B. TRACKING CONTROL
On the tracking control level, a position controller and an attitude controller are designed to guarantee r i →r i and v i →v i . The virtual statesx i andv i are the tracking targets of the real states x i and v i , respectively. When the tracking task has been accomplished, the real desired formation shape and the real velocity consensus can be realized. The position controller u
∈R 3 is designed as follows.
1) POSITION CONTROLLER
Define the errors between the virtual states and the real states.
Hence, the position controller u p i is designed as follows:
where k 1 > 0, k 2 > 0, and k 3 > 0 are the parameters of PID.
According to the dynamics model of the quadrotors' position in (3), the position controller u p i is denoted by
In flight, the desired yaw angle of the quadrotors is defined as zero, ψ d i = 0. Then, we need to obtain the desired roll angle φ d i and the desired pitch angle θ d i . In order to get φ d i and θ d i , we first define the matrix R c as
We bring R c into the formula (12), then we have
where i is a user-defined variable,
φ d i and θ d i can be obtained as follows:
2) ATTITUDE CONTROLLER According to the results above, we will get the desired attitude
The attitude angles errors are
The attitude controller u a i = [u a x,i , u a y,i , u a z,i ] T ∈R 3 can be designed as follows: (20) where k 4 > 0, k 5 > 0, and k 6 > 0. u a i in the attitude dynamic model (4) is
After getting u a i , the desired torque
] T can be acquired. And combining the formula (2) with (15), the desired speed of four rotors can be obtained.
IV. STABILITY ANALYSIS
We give the following theorem that can guaranteev i →v 0 andr i →r 0 in finite time.
Theorem 1: Consider the system (6) and (7), if the communication topology G n = {V , E, A} among quadrotors is undirected and connected, G n+1 has a spanning tree with the leader as root. Then, one can receivev i →v 0 andr i →r 0 , i∈ , in finite time.
Proof: Letv
Then, the equation (6) can be rewritten aṡ
Then, we haveĖ
where M = L G n + H ; L G n is the Laplacian matrix of undirected graph G n = {V , E, A}; and H = diag{a 10 , . . . , a n0 }.
, . . . , sig β 1 ( n )] T . Since the undirected graph G n = {V , E, A} is connected and at least one a i0 is nonzero, M is a symmetric and positive definite matrix. The Lyapunov function candidate is chosen as follows:
where V ≥ 0. And then, we havė
M is positive definite matrix, and therefore we can obtainV ≤ 0 at t → ∞, which means the virtual velocity consensus is asymptotical received. Then, we set
where ρ 1 = (1/(β 1 + 1)) (2β 1 /(β 1 +1)) . By Lemma 2, we can get
Further, we have
where λ min (M ) is the minimum eigenvalue of the matrix M . Therefore, based on (23), we have
1 λ min (M )/ρ 1 , and we can geṫ
By Lemma 1, the virtual velocity consensus is obtained
Next, we consider the position consensus. Based on the above results, we obtainv i =v j =v 0 =ṙ 0 when t > ((1 + β 1 )/K (1 − β 1 ))V (0) (1−β 1 )/(1+β 1 ) . Let
Hence, the system (7) can be rewritten aṡ
Furthermore, we set e i (t) = n j=0 a ij (r i −r j ) VOLUME 7, 2019
Then, we haveė
where ς = [ς 1 , ς 2 , . . . , ς n ] T , e = [e 1 , e 2 . . . , e n ] T . A Lyapunav function candidate is chosen as follows:
It is obvious that V ≥ 0. Furthermore,
Hence, we derive
where ρ 2 = (1/(1 + β 2 )) (2β 2 /(β 2 +1)) . Let κ = (γ 1 β 2 2 λ min (M ))/ρ 2 , we havė
According to Lemma 1, the virtual position reaches consensus in finite time, which means that an accurate formation shape can be obtained in finite time.
V. SIMULATION RESULTS
In the simulations, the leader-follower multi-quadrotors systems include three quadrotors (followers) and a leader, whose communication topology is shown in Fig. 3 . There exists a directed path from the leader to Quadrotor 1, which means the Quadrotor 1 can gain the leader's state information. And the link among three quadrotors is undirected, therefore, the adjacency matrix A is
T can be seen as the distance matrix of the leader-follower multiquadrotor systems. The formation shape is a regular triangle, and the distance of every two quadrotors is 0.6 meters. But the distance between Quadrotor 1 and leader is 0.346 meters. Hence, D is
The parameters of the quadrotors are shown in Table 1 . Moreover, we set the values of the air drag coefficients k x,i = k y,i = k z,i = 0.02, and the torque coefficients k φ,i = k θ,i = k ψ,i = 0.1. The other parameters used in the coordinating control algorithms and the tracking control algorithms are listed in Table 2 , which are obtained by adjusting on the premise of flight stability, and are relatively optimal parameters.
At the initial moment in simulations, the position and the velocity of the leader are r 0 (0) = [0.2, 1.6, 2.49] T and v 0 (0) = [2.89, 0.70, 0.80] T , respectively. In order to get the trajectory of the leader, the leader's acceleration adopted is as follows.
It should be noted that the position and the velocity of the leader and the quadrotors (followers) are generated arbitrarily in a certain range. Therefore, the initial position and the initial velocity of three quadrotors are as follows.
[r 1 (0), v 1 Under the proposed control approaches above, the simulations results are obtained, shown in Fig. 4 . From the Fig. 4(a) , the trajectories of the leader and the followers show that three quadrotors complete the expected formation shape about 7 s. The leader's movement trajectory is denoted by the red curve. From 7 s to 15 s, the followers track the leader while keeping a desired formation shape. Fig. 4(b) shows that the distance of any two quadrotors converges to 0.6 m, which also means the completion of the desired formation shape. From Fig. 4(c) and Fig. 4(d) , one can see that the virtual velocity and real velocity reach consensus, respectively. In spite of the variation of the leader's acceleration, the velocity consensus is arrived quickly. The real position of the quadrotors
3 based on the tracking control approach, and the virtual positionr i − d ij converges to the leader postionr 0 based on the coordinating control approach. Hence, r i − d ij converges tor 0 , shown in Fig. 4(e) . In Fig. 4(f) , the attitude angles of three quadrotors also reach consensus in the end.
VI. EXPERIMENTAL RESULTS
In the section, the formation experiments are conducted to validate the proposed control approaches.
The experiment platform is established, which includes three quadrotors device, three raspberry pi, an optitrack system, a router and a host computer, as shown in Fig. 5 . Quadrotors device are built for this experiment, whose assembly process is shown in Fig. 7 . The used control board is pixhawk 2.4.8, which adopts a modified open-source flight firmware PX4. The position controller of PX4 is removed and is designed in the raspberry pi. The raspberry pi employing ROS operating system is used as an onboard CPU for each quadrotor. The raspberry pi and pixhawk communicate through serial port and the communication protocol is mavlink. The router is used to set up local area network (LAN) to realize network communication among the raspberry pi, the host computer, and the optitrack system. The host computer can login the raspberry pi remotely through SSH protocol such that it can start three quadrotors and observe the flight data in real time. The optitrack system consisting of seventeen high-speed infrared cameras and a computer is applied to obtain the state data of each quadrotor and transmit the state data stream to LAN. The transmission process of data stream in LAN is shown in Fig. 8 . The optitrack system sends the data stream of position and attitude out to LAN. The raspberry pi obtains its own state data for indoor stable flight, and also obtains the other state data by subscribing ROS topic in LAN. The parameters of experimental environment are shown in Table 3 .
In this experiments, the leader is a real ground robot, whose moving trail in space is arbitrary by hands. From the Table 3 , the flying range is small and blades is big, therefore, there is a hard problem that the airflow interference is very strong among quadrotors. Quadrotors cannot maintain stable flight when the distance between two quadrotors is smaller than 0.6 m. It is a short distance. Consequently, in order to reduce the airflow interference, the formation shape is set as an irregular triangle and as large as possible. Furthermore, it is necessary to place a windproof cardboard between quadrotors, shown in Fig. 6 . At the initial moment, the leader's position is [0.040, 0.066, 0.065] T , and the quadrotors' position is as follows: The results of this experiments are shown in Fig. 9 . Fig. 9(a) shows the virtual trajectories of the leader and the quadrotors, and Fig. 9(b) shows the real trajectories of the leader and the quadrotors, which have a little fluctuation because of the airflow interference. Fig. 9 (c) and Fig. 9(d) show the virual position curves and the real position curves, respectively. The real position curves are more stable in the first ten seconds. Fig. 9 (e) and Fig. 9 (f) represent the virtual velocity and the real velocity of the leader and the quadrotors, respectively. Fig. 10(a) represents the distance of every two quadrotors, whose maximum error is about 0.3 m. Fig. 10(b) denotes the attitude angles curves.
VII. CONCLUSION
We have developed a hierarchical formation control framework for leader-follower multi-quadrotor systems, which consists of a coordinating control level and a tracking control level. In the two levels, a coordinating control algorithm and a tracking control algorithm are given based the finite-time consensus theory and the PID theory, respectively. Based on the approaches above, the desired formation shape and the velocity consensus can be reached rapidly. Furthermore, the proposed hierarchical formation control framework is more easily to be realized in the actual formation flight. And the corresponding simulations and experiments are completed.
